The spectrum for the decomposition of LK, into 2-perfect 6-cycle systems is found for all I, > 1 and for two outstanding cases when A = 1, completing work done by Lindner, Phelps and Rodger in the case A = 1.
INTR~Du~~I~N
Much work has been done in recent years on the decomposition of the complete graph K,, into edge-disjoint copies of a graph G. Recent results are surveyed by Rodger [8] . When G is a cycle of length m, such a decomposition is called an m-cycle system of Ku. Recent results on m-cycle systems include [2-71. We denote an m-cycle by (x0, XI. . . . , x,-l)
or sometimes by x0x1 -. . x,_ 1, so that nix,+ 1 is an edge for 0 <is m -1 (reducing subscripts modulo m). Thus an m-cycle system of K,, is essentially an ordered pair (V, C), where V is the vertex set of Ku and C is a set of m-cycles which induce a partition of the edge set of K,,. So the m-cycles in C form an edge-disjoint decomposition of Ku.
If (a, b, c, d, e, f) is a B-cycle or hexagon, we can consider the associated graph obtained from this hexagon by joining all vertices which are distance 2 apart. Thus (a, c, e) and (b, d, f), two triangles, arise from this hexagon in this way. A 2-perfect 6-cycle system of Ku is a 6-cycle system (V, C) of K, with the additional property that if each hexagon in C is replaced by the two triangles obtained by joining all vertices in the hexagon at distance 2, then the resulting collection of triangles also forms a decomposition of K, , that is, a Steiner triple system (which necessarily contains an even number of blocks). The values of u for which such a decomposition of K,, into 2-perfect 6-cycle systems exists is called the spectrum ; this spectrum for 2-perfect 6-cycle systems was shown in [6] to be all positive integers u = 1 or 9 (mod 12), u # 9. except possibly v E (45, 57).
In this paper we shall consider a decomposition of the complete multigraph AK,, into a 2-perfect 6-cycle system, and find the spectrum of such a decomposition. We shall also remove the two possible exceptions in the case A = 1 by exhibiting 2-perfect 6-cycle systems of Kd5 and KS,.
For AK,, to be decomposable into a 2-perfect 6-cycle system, it is clearly necessary that u 2 6 and that the number of edges, LV(U -1)/2, should be a multiple of 6. Moreover, the degree of each vertex, j1(~ -l), must be even. These necessary conditions are summarized in Table 1 .
Our main result is as follows.
MAIN THEOREM. The necessary conditions for the existence of u 2-perfect 6-cycle system of AK,,, given in Table 1 , are sufficient, with the following exceptions.. there is no such system when (A, v) = (1, 9) or when A = 2 (mod 4) and v = 6.
THE CASE A = 2
The necessary conditions are that v 2 6 and v = 0 or 1 modulo 3. We consider five cases, with u = 1, 3 or 4 (mod 6) and u = 0 or 6 (mod 12 
v=l (mod6)
A 2-perfect 6-cycle system of 2K, with vertex set Z7 is given by the following hexagons:
((0, 2, 1, 5, 3, 4) + i 10 s i s 6).
In the case of 2K,3 we may take two copies of a 2-perfect 6-cycle system of K,3 (when 3, = 1); see [6] . Now let v = 6n + 1, n 3 3. The following two constructions define a 2-perfect 6-cycle system of Kti+, on the vertex set {a} U {(i, j) 1 1 S i G n, 16 j G 6).
CONSTRUCTION
A. If n = 0 or 1 (modulo 3), then it is well known that there exists a 2-fold triple system of order n. Take hexagons as follows: A(i) on {to} U {(i, j) 1 1 c j s 6}, for 1 s i c n, take a copy of the decomposition given above for 2K7; A(ii) if {x, y, z} is a block of the 2-fold triple system of order n that we chose, then on the vertex set {(x, j), (y, j), (z, j) ) 1 S j s 6) we place one copy of a 2-perfect 6-cycle system of K6,6,6 (see [6] , Lemma 2.2). CONSTRUCTION B. If n = 2 (modulo 3), then we know that there exists a maximum packing of 2K, with edge-disjoint triangles such that the leave consists of one multiple edge (see [l] or [9] ). On the vertex set {i ( 16 is n} let this leave consist of the multiple edge joining the vertices 1 and 2. Then hexagons are taken in 2K,+, as follows: B(i) on {w} U ((1, j), (2, j) ( 1 S j C 6}, take a 2-perfect 6-cycle decomposition of 2K,,; B(ii) on {a)} U {(i, j) 11 SjS6}, for 3 s i c n, take a 2-perfect 6-cycle decomposition of 2K,;
if {x, y, z} is a block of the maximum packing of 2K,, described above, then on the vertex set {(x, j), (y, j), (z, j) ( 1 c j s 6}, pl ace one copy of a 2-perfect 6-cycle system on K6, 6,6 ([6] , Lemma 2.2) (here { 1,2} $ {x, y, 2)).
v=3 (mod6)
In this case we need the concept of a 2-perfect 6-cycle system with a hole. A 2-perfect 6-cycle decomposition of K, with a hole of size u is a partial decomposition of K, into hexagons and corresponding pairs of triangles, in which all pairs of vertices are adjacent both in a 6-cycle and in a 3-cycle, except for pairs occurring in a distinguished set of vertices of size u. (ii) on {A, B, C, 9, 10, 11, 12} take a decomposition of 2K, (with no hole); (iii) on 2K4,4,4 with vertex set {1,2,3,4} U {5,6,7,8} U {9,10,11,12) take two copies of a 2-perfect 6-cycle system ([6], Lemma 2.2). Now let v = 6n + 3 with it > 3. Take the vertex set
A 2-perfect 6-cycle system on 2K6n+3 is given by taking 6-cycles as follows. If n = 0 or 1 (mod 3) a construction similar to Construction A in Section 2.1 above may be used. We take a 2-fold triple system on IZ elements, and 6-cycles as follows: (i) on {A, B, C> U {(I, j) 1 ~j < 6) place a decomposition of 2K,;
(ii) on {A, B, C} U {(i, j) 1 s j < 6) for 2 < i G n, place a decomposition of 2K, with a hole of size 3, the hole being {A, B, C} ; (iii) for each block {x, y, z} of the chosen 2-fold triple system of order n, on the vertex set {(x, j), (y, j), (z, j) / 1 G j s 6}, place one copy of a 2-perfect 6-cycle system of K h.6.6.
If n = 2 (mod 3), we also mimic Construction B above, using a maximum packing of order n to determine blocks {x, y, z}, and choosing the leave of the packing to be {1,2}. Then on {A, B, C} U ((1, j), (2, j) ( 1 c j =z6} we place a decomposition of 2K,s, and on {A, B, C} U {(i, j) 1 1 S j S 6}, 3 9 i 9 rz, we place a decomposition of 2Kg with a hole {A, B, C} of size 3, while repeating (iii) as in Construction B.
u=4 (mod6)
This case is exactly like that of Section 2.2 when n = 3 (mod 6). In that construction we replace 2Kg by 2Klo, 2K, with a hole of size 3 by 2K,,, with a hole of size 4, and 2Krs by 2K,,.
A is a 2-perfect 6-cycle system of 2KZ4. Now suppose that u = 12n with n b 3, and let the vertex set of 2K, be {(i, j) 1 1 d i d n, I 5 j s 12). If n = 0 or 1 (mod 3), we mimic Construction A of Section 2.1. using a 2-fold triple system of order n. So the hexagons may be taken as follows: (i) on the set {(i, j) / 1 G i 6 12} (for each i), place a decomposition of 2K,,; (ii) if {x, y, } . z 1s a triple in the chosen 2-fold triple system of order n, then take a decomposition of K12. 12, ,* (see [6] , Lemma 2.2) on the set {(x, j), (y, j), (z, j) 1 1 ~j s 12).
If n = 2 (mod 3), we mimic Construction B of Section 2.1. using a maximum packing of 2K, by triangles on the vertex set {i 1 
zr =6 (mod 12)
First we consider the case u = 6, and general A, not merely ?, = 2. The obvious necessary condition for the existence of a 2-perfect 6-cycle system of AK, is that h must be even. However, the next result shows that in fact we need A to be a multiple of 4 in order to have a 2-perfect 6-cycle decomposition of AK,. The construction when n = 0 or 1 (modulo 3), n 3 3, follows Construction A of Section 2.1 above. It uses a decomposition of 2Ki8 and a decomposition of 2K,, with a hole of size 6. We also have a decomposition of 2K,,. These decompositions are given in the Appendix. Likewise, when n = 2 (mod 3), n 2 3, a maximum packing is used. as in Construction B of Section 2.1. This completes the decomposition of 2K,, into 2-perfect 6-cycles in all admissible cases.
LEMMA. There exists a 2-perfect 6-cycle decomposition of AK, if and only if

Two REMAINING CASES WHEN h = I
In [6] the spectrum for 2-perfect 6-cycle systems of K,, was determined with the two possible exceptions v = 45, 57. We deal with these two cases now by exhibiting a 2-perfect 6-cycle system in each case.
In order to do this we will use a 2-perfect 6-cycle system of Kzl with a hole of size 9. One of these is given in the Appendix. CONSTRUCTION 3.1. Define a 2-perfect 6-cycle system of K,, on the vertex set
as follows: (i) on {a+ 11 .i < s 9} U { (1, j) ) 1 ~j G 12) place a 2-perfect 6-cycle system of K2,, which was given in Example 2.1 of [6] ;
and then for i=3, place a 2-perfect 6-cycle system of Kzl with hole (~0, 1 Take a maximum packing of K, by triangles; this has leave consisting of a l-factor of K,. Let {i I 16 i s 8) be the vertices of such a Kg, and without loss of generality let the leave of a maximum packing be {1,2} U {3,4} U {5,6} U (7, S}.
Then the following defines a 2-perfect 6-cycle system of KS,: (i) on {mi I 1 G i s 9} U {(x, j), (y, j) 1 1 s j G 6}, each time {x, y} is in the leave of the chosen packing of KS, place a decomposition of KZ1 with a hole of size 9, except on one occasion use KZ1 and omit the hole; (ii) whenever {x, y, z} is a triple in the maximum packing, take a 2-perfect 6-cycle system of K6,6,6 on the vertex set {(x, j), (y, j), (z, j) I 1 c j ~6).
THE CASE A = 3
As detailed in Table 1 , for 3K, to have any hope of possessing a decomposition into a 2-perfect 6-cycle system, it is necessary that v = 1 (mod 4). This may be re-expressed as Y = 1, 5 or 9 (mod 12), and by using results in the case A = 1 (see [6] and also Section 3 above), we need only consider u = 9 and u = 5 (mod 12).
A 2-perfect 6-cycle system of 3Kg, on the vertex set Zg, is given by the 18 hexagons Now suppose that v = 12n + 5. It is known (see, for example, [6] ) that there exists a group-divisible design on 2n elements with group sizes 2 and block size 3 when 2n = 0 or 2 (mod 6), and with one group of size 4 and the rest all of size 2, and block size 3, when 2n = 4 (mod 6). So take the following vertex set for K,,:
Then a 2-perfect 6-cycle system of 3K,,+5 is given by the following cycles.
(i) If 2n = 0 or 2 (mod 6), suppose that the groups of the group-divisible design are (2a -1, ~cx}, for ff = 1, 2, . . . , n. Then place a 2-perfect 6-cycle system of 3K,, on (00~ 1 1 c i c 5) U {(i, j) 1 i = 1,2, 1 <j c 6); place a 2-perfect 6-cycle system of 3K,, with a hole of size 5 on (~0~ 1 1 <i<5}U{(i,j)ji=2a--1,2~ ;2~cw~n}.
If 2nc-4 (mod 6). suppose that the groups of the group-divisible design are { 1, 2, 3, 4) U (2cu -1,2a} for (Y = 3, 4, . . . , II. Then place a 2-perfect 6-cycle system of 3K,, on {~$~i~5}U{(i,j)~i=1,2,3,4,1~j=~6}, and a 2-perfect 6-cycle system of 3K,, withaholeofsize50n{~i11CiG5}U{(i,j)Ii=2a-1, 2a;3saan}. (ii) If {x, y, z} . 1s a block in the group-divisible design, place three copies of a 2-perfect 6-cycle system of K 6,6,h on the vertices {(i, j) 1 i =x, y, z; 1 d j c 6).
Decompositions of 3K,,, 3K,, and 3K,, with a hole of size 5, into 2-perfect 6-cycles. are given in the Appendix.
This completes the case A = 3.
THE CASE A=6
Apart from v > 6, there is no restriction on 6K, for a 2-perfect 6-cycle system to exist. We have already shown, in the lemma of Section 2.5 above, that 6K, cannot be decomposed in this way.
It is straightforward to see that the only values of v here which have not already been dealt with by combining decompositions of AK, for smaller values of A. are u = 2, 8 and 11 (mod 12). So we shall give constructions for decomposing 6K,, into a 2-perfect 6-cycle system whenever 2, = 2 or 5 (mod 6).
First, as usual, we need some small examples. In the Appendix are listed 2-perfect 6-cycle systems of 6Ks, 6K, with a hole of size 2, 6K,,, 6K,, and 6Kll with a hole of size 5. We also need a decomposition of 6K 17, for which two copies of a decomposition of 3K ,, may be taken.
Let K6n+2 havevertexset{w1,~2}U{(i,j)Il~i~n, lcjc6},wheren>3. Take a 6-fold triple system of order n. On {a,, 00~) U ((1, j) I 1 G j c 6) place a 2-perfect 6-cycle system of 6K,. On {m,, m2} U {(i, j) I 1 C j G 6}, for each i such that 2 G i 4 n, place a 2-perfect B-cycle system of 6K, with hole {cfll, +}. Finally, whenever 2,; z} is a block of the 6-fold t rip e . 1 system, place a 2-perfect 6-cycle decomposition h.h.h on the vertex set {(x, j), (y, j), (z, j) I 1 c j 6 6). We also have a 2-perfect 6-cycle system on 6K,,.
In the case K,,, with n 2 3, the above construction is mimicked, with 6K8 replaced by 6K11, and the hole of size 2 is replaced by one of size 5. Thus in this case we use decompositions of 6K1 1, and 6K11 with a hole of size 5; we also have a decomposition of 6K,,.
This completes the case A = 6.
THE GENERAL CASE, FOR ANY A
A quick check of the necessary conditions when A = 4 or A = 5 shows that (apart from AK6, which was dealt with in Section 2.5 above) these are catered for by ;1= 2 and 13 = 1 respectively.
Finally, for any value of II.., by combining appropriate decompositions of 6K,, and &KU, where 1 G A0 G 5, we obtain a decomposition of AK,, into 2-perfect 6-cycles. Thus we have proved the following. 
